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ABSTRACT: The use of principal component techniques to estimate approximate factor 
models with large cross-sectional dimension is now well established. However, recent 
work by Inklaar, R. J., J. Jacobs and W. Romp (2003) and Boivin, J. and S. Ng (2005) 
has cast some doubt on the importance of a large cross-sectional dimension for the 
precision of the estimates. This paper presents some new theory for approximate factor 
model estimation. Consistency is proved and rates of convergence are derived under 
conditions that allow for a greater degree of cross-correlation in the model disturbances 
than previously published results. The rates of convergence depend on the rate at which 
the cross-sectional correlation of the model disturbances grows as the cross-sectional 
dimension grows. The consequences for applied economic analysis are discussed. 
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1. Introduction 
 
In this paper we consider the estimation of factor models of the form 
 
(1)  X FB n′= +
(2)  y F v= β +
 
where X is a T×N matrix containing T observations on N variables denoted xt, y is a T×1 
vector of predicted variables denoted yt, F is a T×k matrix containing T realisations of k 
unobservable factors denoted ft, n is a T×N matrix of disturbances denoted nt, v is a T×1 
vector of disturbances denoted vt, and B is a N×k matrix of factor loadings. It will be 
assumed throughout that t t kE(f f ) I′ = , t tE(f n ) 0′ = , 2 2

t vE(v ) = σ < ∞ ,  and 

. In the case that 

t tE(f v ) 0=

t tE(n v ) 0= (1 E n n
T

)′Ψ =  is a diagonal matrix, Equation 1 is referred to 

as a strict factor model (Chamberlain, G. and M. Rothschild (1983)). If F and n are also 
serially uncorrelated then Equation 1 is the classical factor analysis model (Lawley, D. N. 
and A. E. Maxwell (1971), Jöreskog, K. G. (1967)). This model is well understood and 
has found wide application in a range of empirical disciplines. 
 
In cases in which N is large, classical factor analysis is unsatisfactory for two main 
reasons. Firstly, the standard asymptotic theory for factor analysis models (Anderson, T. 
W. and H. Rubin (1956), Gill, R. D. (1977)) assumes that N is fixed and T approaches 
infinity – in the case that N and T are both large, an asymptotic theory in which N and T 
jointly approach infinity would be more appropriate. Secondly, the larger N becomes, the 

more difficult it is likely to be to justify the assumption that (1 E n n
T

′Ψ = )  is diagonal. In 

cases where N is large, an approximate factor model (Chamberlain, G. and M. Rothschild 
(1983)), which allows for some degree of correlation between the elements of the 
disturbance vector (nt)  is likely to be more appropriate. 
 
Estimation theory for the approximate factor model has been provided by Stock, J. H. and 
M. W. Watson (2002). They show that the principal components of the covariance matrix 
of X converge in probability to the true factors (up to a sign change), that the OLS 
estimates of the principal components regressed on y converge in probability to β (up to a 
sign change) and that forecasts of y based on OLS regressions of principal components of 
X on y converge in probability to the vector-product of the true factors and β. Bai, J. and 
S. Ng (2002) derive criteria for the estimation of the number of factors, and prove their 
consistency. Bai, J. (2003) develops central limit theorems for principal component 
estimates of factors. Bai, J. and S. Ng (2005) prove central limit theorems for the least 
squares estimates of principal component regression coefficients and the least squares 
principal component forecasts. Forni, M., M. Hallin, M. Lippi and L. Reichlin (2000), 
Forni, M. and M. Lippi (2001) and Forni, M., M. Hallin, M. Lippi and L. Reichlin (2004) 
consider a dynamic version of Equation 1 in which the common component,  is a 
polynomial filter of a white noise factor. They prove that sample dynamic principal 
components are consistent estimators of the factors and they derive rates of convergence. 

FB′
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There now exist many applications of this approach to factor estimation and forecasting. 
The Federal Reserve Bank of Chicago produces an index of national activity constructed 
from 85 macroeconomic series which is updated monthly and is available from their 
website (http://www.chicagofed.org/economic_research_and_data/cfnai.cfm). Altissimo, 
F., A. Bassanetti, R. Cristadoro, M. Forni, M. Lippi, L. Reichlin and G. Veronese (2001) 
construct a coincident indicator for the Euro area using 246 series. Their index, named 
EuroCOIN, is published monthly by the CEPR. Forni, M., M. Hallin, M. Lippi and L. 
Reichlin (2003) use 447 series from the main countries of the Euro area to forecast 
industrial production and inflation. Bernanke, B. S. and J. Boivin (2003) use data sets 
containing 78 series and use the unbalanced panel of 215 series used by Stock, J. H. and 
M. W. Watson (2002) to forecast industrial production and inflation in an analysis of US 
monetary policy. Gillitzer, C., J. Kearns and A. Richards (2005) construct monthly and 
quarterly coincident indicators of the Australian business cycle using balanced panels of 
29 and 25 series respectively. They compare these to the results obtained from a balanced 
panels of up to 111 series. 
 
Recently some doubts have been raised about the importance of having a large cross-
sectional dimension when using principal components to estimate approximate factor 
models. Boivin, J. and S. Ng (2005) conduct Monte Carlo simulations for variables with 
different degrees of disturbance cross-sectional correlation. They find that increasing the 
cross-sectional dimension does not necessarily improve the precision of the estimator if it 
comes at the cost of increased cross-sectional correlation in the disturbances. They also 
compute correlation coefficients for residuals from a factor model estimated using 147 
US macroeconomic variables and find that many of them are quite high. They find that as 
few as 40 carefully chosen variables can produce forecasts of comparable quality to those 
computed using the full data set of 147 variables. Inklaar, R. J., J. Jacobs and W. Romp 
(2003) find that they can construct a coincident index for Europe just as well from 38 
carefully chosen variables as they can from a data set of 246 variables. These results are 
not easily understood from the perspective of the published theory on approximate factor 
model estimation.  
 
The objective of this paper is to develop a better understanding of the circumstances in 
which principal component techniques are likely to provide estimates of factor quantities 
of sufficient precision to be of practical interest. To this end we develop theory linking 
population principal components to population factors. We also prove the convergence of 
sample principal components to population principal components for dual sequences in N 
and T. Combining these approaches we develop new consistency theorems for sample 
principal component quantities as estimates of factor quantities as N and T jointly 
approach infinity. We discuss the assumptions that have been made in the existing 
literature about the degree of cross-sectional correlation between the model disturbance 
terms, and show that our theorem allows for a much higher degree of correlation – albeit 
at the cost of possibly slow convergence. In the final section of the paper we discuss the 
implications of our findings for applied work. 
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2. Theory 
 
The theory of principal component estimation of approximate factor model quantities will 
be developed in four parts. In the first part, the relationship between population factors 
and population principal components will be explored. It will be shown that the 
‘closeness’ of principal components to factors depends on the magnitude of a certain 
noise to signal ratio. In the second part, the relationship between factor structure, the 
number of variables and the noise to signal ratio is explored. In the third part, theorems 
are developed which show that sample principal component quantities are consistent 
estimates of their population counterparts in a large-N, large-T setting. In the fourth part, 
the theoretical results are combined to provide consistency results for sample principal 
component quantities as estimates of their population factor counterparts. Finally, we 
define a concept of strong cross-sectional correlation for the disturbance terms and 
demonstrate that our results allow for much stronger growth in the number of strongly 
correlated disturbances than previously published results. 
 
 
2.1 Population Principal Components and Population Factors 
 
The idea that principal components might be closely related to factors is not new. It has 
often been noted in the psychology literature that principal component techniques and 
factor analysis sometimes give similar results, especially when the number of variables in 
the analysis is large1. However, it is only relatively recently that the nature of the 
relationship between principal components and factors has been formally investigated. 
Chamberlain, G. and M. Rothschild (1983) define an approximate factor model as one for 
which the disturbance eigenvalues are uniformly bounded and show that the eigenvectors 
of the population covariance matrix of xt are asymptotically equivalent to the factor 
loadings as N gets large. Bentler, P. M. and Y. Kano (1990) consider a single factor 
model and show that as  the correlation between the population principal 
component and the population factor converges to one and the principal component 
loading vector converges to the factor loading vector. In a significant paper Schneeweiss, 
H. and H. Mathes (1995) develop measures of distance of population principal 
components and factors and show that these measures converge to zero as the smallest 
eigenvalue of  gets large relative to the largest eigenvalue of 

N →∞

B B′ Ψ . Schneeweiss, H. 
(1997) produces similar results and also shows that population principal components 
converge to population factors when the ratio of the largest eigenvalue of  to the 
smallest eigenvalue of  approaches one. The remainder of this section presents some 
new theory linking population principal component quantities to their analogous 
population factor quantities. Unlike the results mentioned above, the new results are not 
based on limit theorems.  

Ψ
Ψ

 
We will assume throughout that the predicted variable yt and the predictor variables xt 
have finite, time-invariant second moments. We consider the factor representation given 

                                                 
1 See SNOOK, S. C., and R. L. GORSUCH (1989): "Component Analysis Versus Common Factor Analysis: A 
Monte Carlo Study," Psychological Bulletin, 106, 148-154. for a survey. 
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by equations 1 and 2 and the moment conditions t t kE(f f ) I′ = , t tE(f n ) 0′ = , 
, , 2 2

t vE(v ) = σ < ∞ t tE(f v ) 0= t tE(n v ) 0= and t tE(n n )′ = Ψ  a positive definite finite 
matrix. We denote the covariance of xt as  t tE(x x ) BB′ ′= Ω = + Ψ . Let 

 be the k×k diagonal matrix of ordered eigenvalues of BB′ and U be 
the corresponding N×k matrix of eigenvectors. Let 

1 kD diag(d ,...,d )=

1 1diag( ... )kΛ = λ λ  be the k×k 
diagonal matrix of the first k ordered eigenvalues of Ω and Q1 be the corresponding N×k 
matrix of eigenvectors.  and  contain the remaining eigenvalues and eigenvectors. 
We therefore have the spectral decompositions 

2Λ 2Q

 
BB UDU′ ′=  and . 1 1 1 2 2 2Q Q Q Q′ ′Ω = Λ + Λ
 
We define  to be the maximum eigenvalue of Ψ. We then define the noise to signal 
ratio to be 

2σ

 
2

k

σ
ρ =

λ
 

 
In what follows L will be a diagonal matrix of 1± ’s. That is, abs(L) I= . We will 
consider the estimate of the factor vector given by the population principal component 
vector 
 

1
2

t 1 1s Q
−

′= Λ tx , 
 
We will also consider the estimate of the mean square efficient factor forecast  
given by the population principal component forecast 

T hf +′β

 
T h S T hŷ s+ +′= β�  

 
where 

 
T

S t
t 1

1 s y
T =

β = ∑�
t  

 

We define 
2

2
2 2

v

r
β

=
β + σ

. Note that r2 is the proportion of the variance of yt that is 

explained by the factors. Thus, it may be interpreted as the population analogue of the R2 
statistic from regression analysis. We also denote 
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t t j t i,t j
2 2 2ij 1 j 1t t it

E(y y ) E(y s )
sup

E(y ) E(y )E(s )

∞ ∞
− −

= =

γ = +∑ ∑  

 
and 

 
j

i, j:i j
i j

c max
≠

λ
=

λ − λ
 for k > 1 and c 0=  for k = 1, 

 
and we define the forecast deviation as T h T h T hˆe y f+ + +′= −β . 
 
Theorem 1 

 

(a) For the factor model described above i

i

d
1 1− ρ ≤ ≤

λ
 for i=1,..,k. 

 

(b) For the factor model described above, if k = 1 or 1 1c
2 k 1

− ρ
≤

ρ −
, then 

there exists a sign matrix L such that ( )2 2 2
1Q UL k 4c (k 1)− ≤ ρ+ ρ −  

 

(c) For the factor model described above, if k = 1 or 1c
2 (k 1)(1 )

−ρ
≤

ρ − −ρ
, 

then there exists a sign matrix L such that 
( )( )2 2 2

t tE s Lf k 2 4c (k 1)(1 ) 1− ≤ ρ+ρ − −ρ −  

 
(d) For the factor model described above, if ft, vt and nt are Gaussian and 

, then γ < ∞ T h 2
2 2

E e 2k 2k k 1
r T r T

+ γ γ⎛ ⎞ ⎛≤ ρ + + ρ +⎜ ⎟ ⎜′β β ⎝ ⎠ ⎝
⎞
⎟
⎠

 

 
Proofs: See Appendix 
 
The following asymptotic results follow trivially from these theorems: 
 
Corollaries to Theorem 1 
 

a) i

i

d
1→

λ
 as ; 0ρ →

b) There exists a sign matrix L such that  as 1Q U→ L 0ρ → ; 
c) There exists a sign matrix L such that  as p

t ts L⎯⎯→ f 0ρ → ; 
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d)  as p
T h T h T hˆe y f+ + +′= −β ⎯⎯→0 ( )1 , 0,

T
⎛ ⎞ρ →⎜ ⎟
⎝ ⎠

0 . 

 
It follows from a) and b) that  
 

e) There exists a sign matrix L such that 
1
2

1 1Q BΛ → L  as 0ρ → . 
 
Corollaries a), b) and c) were previously proved by Schneeweiss, H. (1997). Results d) 
and e) are new. Importantly, Theorem 1 is new and provides rates of convergence which 
are necessary for subsequent theorems. 
 
Note that Theorems 1(b) and 1(c) require the eigenvalues of Ω to be distinct so that 
c is bounded. The distance between the relevant quantities in these theorems 
depends on the closeness of adjacent eigenvalues and on the noise to signal ratio. 
Theorem 1(d) assumes Gaussianity. It is quite likely that this assumption could be 
replaced by the assumption of an upper bound on sums of fourth moments, 
however Gaussianity produces a result which is more easily interpretable. In any 
case, in the asymptotic arguments that follow, the assumption of Gaussianity will 
not be needed. In order for the principal component forecast and the theoretically 
optimal forecast to be close, we need the noise to signal ratio to be fairly small and 
the sample size to be reasonably large. Precisely how large the sample size needs to 
be will depend on the magnitude of the autocovariances of the data and the 
proportion of the variance of the forecast variable that is determined by the factors. 
 
 
2.2 N and the Noise to Signal Ratio 
 
Consider the factor model given by equation 1. The covariance matrix is 

. As above, we have the spectral decomposition , 
and we denote the maximum eigenvalue of Ψ by σ2. The following simple result links the 
noise to signal ratio to the number of variables in the model. 

t tE(x x ) BB′ = Ω = + Ψ′ BB UDU′ ′=

 
Theorem 2 
 
For the factor model described above, if 
1. j∃ ∈ , j=1,..,k; L Ld Nd d+ ∋ <\

)2.  where 0 1 ; (2 1~ O N −ασ < α ≤

 

then ( )~ O N−αρ . Furthermore ( )
2

k

~ O N
d

−ασ
ρ =� . 

 
Proof: see Appendix. 
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Note that it is a consequence of the assumptions that ( ) ( )tr ~ O NΩ . This is consistent 

with the variables being bounded in probability. Furthermore ( ) ( )tr BB ~ O N′  and 

 so that neither the common component nor the disturbances dominate 
asymptotically.  
( ) ( )tr ~ O NΨ

 
Given this result, in cases where factor structure is believed to exist, it seems reasonable 
to believe that the noise to signal ratio is decreasing in N. However, the rate at which the 
noise to signal ratio shrinks to zero could be very slow. Importantly, it should be noted 
that there is no particular value of N which guarantees a small noise to signal ratio. 
Consequently there is no number of variables that can generally be considered to be 
“large” when estimating approximate factor models. In the case of a strict factor model 
the disturbance terms are uncorrelated so the maximum eigenvalue of the disturbance 
covariance is simply the largest disturbance variance. As such, it is reasonable to assume 
that it is bounded and that the noise to signal ratio will decline quite rapidly as N grows. 
In the case of the approximate factor model however, the maximum eigenvalue may be 
much larger than the largest disturbance variance and may well grow as N increases. In 
such cases, the shrinkage of the noise to signal ratio as N grows could be quite slow. 
 
Boivin, J. and S. Ng (2005) and Inklaar, R. J., J. Jacobs and W. Romp (2003) found that 
in practice raising N above a certain level produced little improvement in the quality of 
the estimator. The simulation study of Boivin, J. and S. Ng (2005) suggested that this 
phenomenon was related to increasing cross-correlation as N gets large. They describe a 
situation in which an analyst increases N by adding to the model relatively noisy 
variables and variables which are closely related to variables already in the model. They 
state that the consequence of this is that the relative size of the common component may 
be reduced, reducing the precision of the estimator, as N increases. The above theory 
characterizes this phenomenon more precisely. What matters when using principal 
component quantities to estimate their factor analysis counterparts is not the number of 
variables per se, but rather the noise to signal ratio. While the existence of factor structure 
is a good reason to expect the noise to signal ratio to decline as the number of variables 
increases, there is no value for N which guarantees a small noise to signal ratio.  
 
 
2.3 Sample Principal Components and Population Principal Components 
 
It is well known that when N is fixed, sample eigenvalues are consistent estimates of 
population eigenvalues and sample eigenvectors and principal components are consistent 
estimates of orthogonal transformations of their population counterparts. However, it is 
not known whether these results apply in a setting in which N is of the same order of 
magnitude as T. Below, a new asymptotic theory of principal components in a large-N, 
large-T framework is developed. It is shown that the scaled sample eigenvalues converge 
in probability to the scaled population eigenvalues. Results about the behaviour of sample 
eigenvectors and principal components then follow. 
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Let X be a T×N matrix containing T observations on N variables. The rows of X are 
denoted . Assume that tx′
 

1. ( )E X 0= ; 

2. ( )1 E X X
T

′ = Ω < ∞  a full-rank matrix; 

3. ( ) ( ){ }
N

t t t j t j
j 0

ABS cov vec x x , vec x x− −
=

⎡ ⎤′ ′ < ∞⎣ ⎦∑  

 
Let  where Λ is the diagonal matrix of eigenvalues in descending order and Q 
the corresponding matrix of eigenvectors. The sample eigenvalues and eigenvectors are 

similarly defined as 

Q Q′Ω = Λ

1 ˆ ˆˆX X Q Q
T

′ = Λ ′ . The population principal components of X are 

defined as 
1
2S Q

−
′= Λ X  which consists of rows tf ′ . The sample principal components of 

X are defined as 
1
2ˆ ˆˆS Q

−
′= Λ X  which consists of rows tf̂ ′ .  

 
Theorem 3 

 

(a) Under assumptions 1 to 3, 
1
2

j j p
1 1ˆ O T
N N

−⎛ ⎞
λ = λ + ⎜

⎝ ⎠
⎟  where jλ̂  is the jth 

eigenvalue of 1 X X
T

′ . 

 

(b) Under assumptions 1 to 3, 
1 1
2 2

jt t jj jt p
ˆˆ ˆs q x L s O T
− −⎛ ⎞

′= λ = + ⎜
⎝ ⎠

⎟ , j=1,..,k where 

k is a fixed value and  jjL 1= ±
 
Proofs: See Appendix 
 
Note that the assumptions of Theorem 2 are reasonably general. The zero-mean 
assumption may be satisfied by simply subtracting sample means from the variables. The 
existence of finite second moments is required simply so that the principal components 
concept makes sense. The assumption of finite sums of fourth moments implies that the 
sample second moments converge in probability to their population counterparts. 
Importantly, there is no requirement that the noise to signal ratio be small or that there be 
growing gaps between eigenvalues. Note that convergence is at a rate independent of N. 
What the theorem shows is that T -consistency holds in the presence of growing N. It 
does not suggest that increasing N improves the estimate. 
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2.4 Sample Principal Components and Population Factors  
 
The previous three subsections provide us with a framework for constructing a theory 
linking sample principal components to population factors. We have shown that 
population principal components are close to population factors when the noise to signal 
ratio is small, that under certain conditions the noise to signal ratio will be small when N 
is large, and that sample principal components are close to population principal 
components when T is large. Combining these ideas, the following results are proved. For 
the factor model 
 
  X FB n′= +
  y F v= β +
 
we denote  to be the eigenvalues of BB1 kD diag(d ,...,d )= ′ , t tE(n n )′ = Ψ  and 

( )2 max eigσ = Ψ . We assume the following: 
 
Assumptions 
 
1.  for j=1,..,k. Furthermore, ; U L L j Ud ,d Nd d Nd+∃ ∈ ∋ < <\ 1 2d d ... d> > > k

2. ( )1 tr
N

Ψ < ∞ ; 

3. ; ( )2 1~ O N , 0 1−ασ < α ≤

4. , ( )E F 0= ( )E n 0= , ; ( )E v 0=

5. ( ) k
1 E F F I
T

′ = , ( ) 2
v

1 E v v
T

′ = σ < ∞ , ( )1 E F n 0
T

′ = , ( )1 E F v 0
T

′ = ; 

6. ( ) ( ){ }
N

t t t j t j
j 0

ABS cov vec z z , vec z z− −
=

⎡ ⎤′ ′ < ∞⎣ ⎦∑  where ; ( )t t t tz n f v ′′ ′=

7. ( )~ O 1β . 
 
Theorem 4 
 
Under the above assumptions 
 

(a) 
1
2

j j p
1 1ˆ d O max T , N
N N

− −α⎡ ⎤⎛ ⎞
λ = + ⎢ ⎥⎜

⎢ ⎥⎝ ⎠⎣ ⎦
⎟  for j=1,..,k; 

(b) 
1
2 2

1 p
1 ˆX S BL O max T , N
T

−α
−⎡ ⎤⎛ ⎞

′ = + ⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

1Ŝ where  is a T×k matrix containing the first k 

columns of . Ŝ

(c) 
1
2 2

t t pŝ Lf O max T , N
−α

−⎡ ⎤⎛ ⎞
= + ⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
; 
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(d) 
1
2 2

S p
ˆ L O max T , N

−α
−⎡ ⎤⎛ ⎞

β = β+ ⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 where S 1
1ˆ Ŝ y
T

′β = ; 

(e) 
1
2 2

S T h T h p
ˆ ŝ f O max T , N

−α
−

+ +

⎡ ⎤⎛ ⎞
′ ′β = β + ⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
. 

 
2.5 Strong Disturbance cross-correlation 
 
It is of particular interest to compare the assumptions that we make about cross-
correlation of the disturbances (n) to those made in the previously published literature. 
Chamberlain, G. and M. Rothschild (1983) define an approximate factor model as one for 
which the eigenvalues of the disturbance covariance matrix (Ψ) are bounded. Forni, M., 
M. Hallin, M. Lippi and L. Reichlin (2000) make an analogous assumption in a dynamic 
setting. Since we allow for the maximum eigenvalue to grow at a rate of  where 

, our theorem clearly allows for a greater degree of disturbance cross-
correlation. Stock, J. H. and M. W. Watson (2002), Bai, J. and S. Ng (2002), and Bai, J. 

(2003) assume that 

1N −α

0 < α ≤1

N

iN
i 1

1 R
N =
∑  is bounded where 

N

iN ij
j 1

R
=

= Ψ∑  is the ith absolute row sum 

of Ψ. Since  our conditions are satisfied if . 

Thus, while Stock, J. H. and M. W. Watson (2002), Bai, J. and S. Ng (2002), and Bai, J. 
(2003) require that the average absolute row sum is bounded, our theorem allows it to 
grow in N, provided that the maximum row sum grows at a rate strictly less than N. 

( ) iNi
max eig max RΨ ≤ ( )1

iNi
max R ~ O N −α

 
It is easier to appreciate the differences in the assumptions made about disturbance cross-
correlation if we consider the disturbance vector in the following way. We assume that 

ij i 1,.., N, j 1,..N∃ψ < ∞ ∋ Ψ < ψ = =  and divide the elements of the disturbance vector n 
into two mutually exclusive and exhaustive sets: a set of strongly correlated disturbances 
and a set of weakly correlated disturbances. Let { }jj : n is weakly correlatedΦ = . We then 

define a disturbance ni to be weakly correlated if ij
j

c
∈Φ

Ψ < < ∞∑  where c is a bound that 

applies uniformly to all weakly correlated disturbances. It follows that if ni is strongly 
correlated then iN NR M≤ Ψ + c

c
 where MN is the number of strongly correlated 

disturbances in the model. If ni is weakly correlated then iNR ≤ . We now consider 
restrictions on MN which will satisfy the different assumptions about Ψ that have been 
made in the literature. Since ( ) iNi

max eig max RΨ ≤  the approximate factor model of 

Chamberlain, G. and M. Rothschild (1983) and Connor, G. and R. A. Korajczyk (1986) 
can be produced by assuming that the number of strongly correlated disturbances in the 
model (MN) is bounded as N grows. Stock, J. H. and M. W. Watson (2002), Bai, J. and S. 

Ng (2002), and Bai, J. (2003) require that 
N

iN
i 1

1 R
N =
∑  is bounded. From the above 
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discussion ( ) ( )
2N

N N
iN N N

i 1

M M1 cR M c N M
N N N N=

≤ ψ + + − = ψ∑ c+ . Therefore, the 

assumption required by these theorems can be achieved by allowing the number of 
strongly correlated variables (MN) to grow at a rate as high as N . This is interesting 
since it allows for a much higher degree of disturbance cross-correlation than the original 
approximate factor model proposed by Chamberlain, G. and M. Rothschild (1983), a 
point which does not appear to have been made by the above authors.  
 
Assumption 3 of Theorem 4 in the present paper allows the maximum eigenvalue of the 
disturbance covariance to grow at a rate of 1N −α  where 0 1< α ≤ . Since 

, this can be achieved by setting ( ) iNi
max eig max RΨ ≤ ( )1

NM ~ O N −α . Thus, the theory 

presented in this paper allows the number of strongly correlated disturbances to grow at a 
rate strictly less than N. This is clearly much greater than the rate of N  imposed to 
satisfy the assumptions of Stock, J. H. and M. W. Watson (2002), Bai, J. and S. Ng 
(2002), and Bai, J. (2003), and is far more general than the original approximate factor 
model of Chamberlain, G. and M. Rothschild (1983). It should be noted however, that 
while the above theorem applies to models with far more disturbance cross-correlation 
than is allowed in the previously published literature, the higher is the growth rate of the 
number of strongly correlated variables, the slower is the rate of convergence of the 
estimate. This is an important consideration for applied work and provides a possible 
theoretical explanation of the empirical results of Inklaar, R. J., J. Jacobs and W. Romp 
(2003) and Boivin, J. and S. Ng (2005). 
 
 
3. Discussion and Conclusions 
 
The title of this paper poses the question “Is it important to have a large number of 
variables?” Not surprisingly, the answer to this question is not a simple yes or no. Rather, 
it depends very much on the application at hand.  
 
Consideration should be given to the importance of the interpretation of sample principal 
components as estimates of factors. As was shown in the previous section, the (T,N)-
asymptotics in which sample principal components converge to population factors can be 
considered as a combination of two mechanisms which operate more or less 
independently of each other. Firstly, under certain restrictions on the growth rate of the 
maximum eigenvalue of the disturbance covariance, as N gets large population principal 
components converge to population factors. Since this is a property of population 
quantities, its operation is independent of the number of observations that an analyst 
might have available. Secondly, as T gets large sample principal components converge to 
population principal components. This property holds for all sequences in (T,N), but it 
does not require N to be necessarily large or even growing; nor does it require factor 
structure. Accordingly, even in cases in which the disturbances are highly cross-
correlated and doubts are held as to whether N is sufficiently large for population 
principal components to be close to population factors, provided T is sufficiently large, 
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the sample principal components can still be interpreted as estimates of the population 
principal components. In applications for which such an interpretation is meaningful, one 
need not worry about whether N is large enough.  
 
As a possible example, consider the Chicago Fed National Activity Index (CFNAI). This 
is constructed as the first principal component of 85 monthly indicators of national 
economic activity2, and is interpreted by the Chicago Federal Reserve as an estimate of a 
latent factor. However, instead of specifying and estimating a factor model of the 
economy, a more traditional (and perhaps more frequently used) approach to constructing 
a composite indicator is simply to take a weighted mean of a collection of indicator 
variables. In practice, the weights are often chosen in an ad-hoc manner, however one 
particular choice of weights which might be considered would be those that minimise the 
distance of the weighted composite indicator from the indicator variables, i.e. to choose 
the composite variable  and the N×1 vector of weights w to minimize tι

2
t tE x w− ι  

where xt is the N×1 vector of indicator variables. This choice of composite indicator is, of 
course, the first principal component of the vector of indicator variables. If such a choice 
of weights is regarded as acceptable, then the CFNAI might be regarded as a useful 
composite indicator of economic activity, even if N is not sufficiently large to overcome 
the disturbance cross-correlation and provide a reasonable estimate of a single factor 
model. 
 
For situations in which the interpretation of the sample principal components as estimates 
of factors is critical, the question of whether N is sufficiently large is more important. In 
particular, in forecasting applications, unless the population principal components are 
close to the population factors, there is no good reason to believe that the correlation 
between the predictor variables and the variable being forecast is explained by the first 
few principal components. However, as shown in the previous section, the magnitude of 
N is not particularly informative unless it is accompanied by knowledge of the rate at 
which the maximum eigenvalue of the disturbance covariance matrix grows with N. 
Accordingly, there is no particular value of N which can be considered “large.” In some 
applications – particularly those in which the disturbance covariance matrix is diagonal – 
a couple of dozen variables might be sufficient. In other applications, for which 
disturbances are highly cross-correlated, thousands of variables might be insufficient for 
principal components to be good estimates of factors. More to the point, as shown 
empirically by Inklaar, R. J., J. Jacobs and W. Romp (2003) and Boivin, J. and S. Ng 
(2005), in some applications, increasing the number of variables in the analysis may not 
be wise if the new variables introduce increased cross-correlation in the disturbances.  
 
Unfortunately, apart from sounding a note of caution, this provides the applied economist 
with little in the way of concrete guidance. While it is important to have a large number 
of variables if principal components techniques are to be used to estimate approximate 
factor models, it is not generally possible to say how many variables might be considered 
enough. Perhaps the best advice that can be given to practitioners is to consider the bound 

                                                 
2 see http://www.chicagofed.org/economic_research_and_data/files/cfnai_technical_report.pdf for a list of 
variables. 
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provided in Theorem 1(c). Provided that the first k eigenvalues of the covariance of xt are 
not too close to each other, 2

t tE s Lf−  will have an upper bound close to  where k 
is the number of factors and ρ  is the ratio of the largest eigenvalue of the disturbance 
covariance to the kth eigenvalue of the covariance of the observable variables, xt. Direct 
estimation of  is only possible in special cases, for example in the case where the 
disturbance covariance is diagonal. However, it is possible to consistently estimate a 
lower bound on ρ . It is shown in the proof to Theorem 1(a) that . 

Since dk+1 = 0, . We therefore have that 

2kρ

ρ

2
j jd j 1,.., N+ σ ≥ λ ∀ =

2
k 1+λ ≤ σ k 1

k

+λ
≤ ρ

λ
 where jλ  is the jth eigenvalue 

of the covariance matrix of xt. This expression makes it clear that in order for the noise to 
signal ratio to be small, implying that principal components are close to factors, there 
must exist a large gap between the kth and (k+1)th eigenvalues of the covariance matrix of 
the observable variables. Rather than asking whether N is large enough in any particular 
application, it might make more sense for analysts to examine ratios of sample 
eigenvalues and to ensure that the kth ratio is sufficiently small. 

 
 

Appendix – Proofs of Theorems 
 
We define  and 1 1R U Q′= 2

ˆR Q Q′=  and denote the largest eigenvalue of a matrix M by 
. We also define the following notation: max (M)λ

 
S = the T×N matrix of population principal components; 
Ŝ  = the T×N matrix of sample principal components; 

jλ̂  = the jth diagonal element of Λ̂ ; 

jq̂  = the jth column of ; Q̂
qj = the jth column of Q; 

ts′  = the tth row of S 
sj = the jth column of S; 
sjt = the j,tth column of S; 

jΛ�  =  with the jth row and jth column removed; Λ

jQ�  = Q with the jth column removed; 

jS�  = S with the jth column removed; 

jts′�  = the tth row of ; jS�
2

kd
σ

ρ =� ; 

 
 

We may then write 
1 1
2 2

j j j j j jX s q S Q′ ′= λ + Λ� ��  and 
1 1
2 2

t j j jt j j jtx q s Q s= λ + Λ� � � . 
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The proofs of the theorems will make use of the following lemmas. 
 
Lemma 1: If  and α and β are vectors of conformable dimension then 

. This is a standard property of Gaussian 
distributions. See, e.g. Johnson, N. L. and S. Kotz (1972). 

x N(0,Γ∼ )
2

⎟ ⎟

2 2E( x) ( x) 2( )′ ′ ′ ′ ′α β = α Γαβ Γβ + α Γβ

 
Corollary of Lemma 1: . The proof is elementary. 2var( x x) ( )′ ′ ′ ′ ′α β = α Γαβ Γβ + α Γβ
 

Lemma 2: If  is Gaussian and , then using 

Lemma 1, and the Cauchy-Schwarz inequality, 

t
t

t

w
z

u
⎛ ⎞

= ⎜
⎝ ⎠

( j) ( j)
( j) w wu

t t j ( j) ( j)
uw u

E(z z )−

⎛ ⎞Γ Γ
′ = Γ = ⎜

Γ Γ⎝ ⎠

 
T T 1 T 1

(0) (0) ( j) ( j) ( j) ( j)
wu t t w u w u wu wu

t 1 j 1 j 1

1 2var(a S b) var a w b u a ab b a ab b a ab b
T T

− −
−

= = =

⎛ ⎞⎛ ⎞′ ′ ′ ′ ′ ′ ′ ′= ≤ Γ Γ + Γ Γ + Γ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠
∑ ∑ ∑ ′Γ

1

 
where a and b are vectors of conformable dimension. 
 
Corollary of Lemma 2:  2 2 2

u v uv u vE( u) ( v) 2( ) 3′ ′ ′ ′ ′ ′ ′α β = α Γ αβ Γ β + α Γ β ≤ α Γ αβ Γ β
 
Lemma 3: If Z is a random vector and ei is a k×1 vector of zeros but with a 1 in position 
i, and M is a k×k constant, then 
 

k k k
2

i i i i i
i 1 i 1 i 1

E(Z M MZ) E(Z M e e MZ) E(Z M e )(e MZ) E(e MZ)
= = =

′ ′ ′ ′ ′ ′ ′ ′ ′= = =∑ ∑ ∑  

 
Lemma 4:  1 1Q (UDU )Q′ ′Λ = +Ψ
 
Proof of Lemma 4: 1 1 1 1 1Q Q (UDU )Q Q′Ω = Λ ⇒ +Ψ = Λ . Premultiplying by  gives 
the result.  # 

1Q′

 

Lemma 5: If 
1 1

12
1 1M D R R D− ′= Λ 2 , then the eigenvalues of I M−  are equal to the 

eigenvalues of 
1 1
2 2

1 1 1 1Q Q
− −

′Λ Ψ Λ . 
 
Proof of Lemma 5: The eigenvalues of I M−  are the solutions of 

1 1
12 2

1 1 10 I (I M) ( 1)I M ( 1)I D R R D− ′= λ − − = λ − + = λ − + Λ  

1 1
1 1 1 1 1 1( 1)I R R D ( 1)I I Q Q− −′ ′= λ − + Λ = λ − + − Ψ Λ  from Lemma 4 
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1 1
1 2 2

1 1 1 1 1 1 1I Q Q I Q Q
− −−′ ′= λ − Ψ Λ = λ −Λ Ψ Λ .  # 

 

Lemma 6: The eigenvalues of 
1 1

22
1 1 1D R R D− 2′Λ  are equal to the eigenvalues of 

. 1 1
1 1R DR− −′Λ Λ

 

Proof of Lemma 6: The eigenvalues of 
1 1

22
1 1D R R D− 2′Λ  are the solutions for λ of 

1 1
2 2 12 2

1 1 1 1 1 1 1 1 1 10 I D R R D I R R D I R DR− − −′ ′ ′= λ − Λ = λ − Λ = λ −Λ Λ 1−   # 

 
Lemma 7: i jq u 2c′ ≤ ρ  for i  where qi is the ith column of  and uj is the jth column 

of U, and 

j≠ 1Q

j

i, j:i j
i j

c max
≠

λ
=

λ − λ
. 

 
Proof of Lemma 7:  . Premultiplying by , 
postmultiplying by , and subtracting 

1 1 1 2 2 2Q Q Q Q UDU′ ′ ′Λ + Λ = +Ψ 1Q′
1

1U −Λ 1Q U′  yields 
 

1 1
1 1 1 1 1 1 1 1Q U Q U Q U Q U(I D )− −′ ′ ′ ′Λ Λ − = Ψ Λ − − Λ 1−                                               (A1) 

 
We now consider each of the right hand side terms. Let ei be a vector of zeros with a 1 in 
the ith element only. We have 
 

( ) ( ) ( )2
1 2

i 1 1 j 1 i i 1 1 i 1 1 i2
k

4
2

i 1 1 i2 2
k k

1e Q U e tr U Q e e Q U tr e Q UU Q e

1 e Q Q e

− −′ ′ ′′ ′ ′ ′Ψ Λ ≤ Ψ Ψ Λ ≤ Ψ Ψ
λ

σ′ ′≤ Ψ ≤
λ λ

 

 
1

i 1 1 je Q U e−′∴ Ψ Λ ≤ ρ                                                                                     (A2) 

 
For the other right hand side term we have 

j j1
i 1 1 j i j i j

j j

d d
e Q U(I D )e q u 1 q u 1−

⎛ ⎞ ⎛ ⎞
′ ′ ′ ′− Λ = − = −⎜ ⎟ ⎜⎜ ⎟ ⎜λ λ⎝ ⎠ ⎝ ⎠

⎟⎟ j since j dλ ≥ . But j

j

d
1− ≤

λ
ρ  from 

Theorem 1 so 
 

j
i j i j

j

d
q u 1 q u

⎛ ⎞
′ ′− ≤ ρ⎜ ⎟⎜ ⎟λ⎝ ⎠

 and i jq u 1′ ≤  by the Cauchy-Schwarz inequality, so 
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1

i 1 1 je Q U(I D )e−′ ′ − Λ ≤ ρ                                                                                 (A3) 
 
Combining equations A1, A2, and A3, 
 

( )1 1
i 1 1 1 1 j i 1 1 j i 1 1 j

1 1
i 1 1 j i 1 1 j

e Q U Q U e e Q U e e Q U(I D )e

e Q U e e Q U(I D )e 2

− −

− −

′ ′ ′ ′ ′ ′ ′Λ Λ − = Ψ Λ − − Λ

′ ′ ′ ′≤ Ψ Λ + − Λ ≤

1−

ρ
 

 

i.e. i
i j i j

j

1 q u 2 q u 2c
⎛ ⎞λ ′ ′− ≤ ρ ⇒ ≤⎜ ⎟⎜ ⎟λ⎝ ⎠

ρ j for i ≠ .  # 

 

Lemma 8:  ( )
k 2

i j
j 1

1 q
=

′− ρ ≤ ∑ u

1

 
Proof of Lemma 8: . Premultiply by , 
postmultiply by , and substitute 

1 1 1 2 2 2Q Q Q Q UDU′ ′ ′Λ + Λ = +Ψ 1Q UU′ ′

1Q 1R U Q′=  to get 1 1 1 1 1 1 1R R R DR R U Q′ ′ ′ ′Λ = + Ψ                           
(A4) 
 
Also                (A5) 1 1 1 1 1 1 1Q Q Q (UDU )Q R DR Q Q′ ′ ′ ′Λ = Ω ⇒ Λ = +Ψ ⇒ Λ = + Ψ 1′
 
Subtract A4 from A5 and postmultiply by 1

1
−Λ  to get 

 
1 1 1 1

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1

1 1 1

R R I R U Q Q Q Q UU Q Q Q Q (UU I) Q
Q U U Q

− − − −

−
⊥ ⊥

′ ′ ′ ′ ′ ′ ′ ′ ′− = Ψ Λ − Ψ Λ = Ψ Λ − Ψ Λ = − Ψ Λ

′ ′= − Ψ Λ

1−

 

 

so ( ) ( )
2

1
i 1 1 i i 1 1 1 i

k

e I R R e e Q U U Q e−
⊥ ⊥

σ′ ′ ′ ′ ′− = Ψ Λ ≤
λ

= ρ

u

. 

 

i.e.   # ( )
k 2

i j
j 1

1 q
=

′− ρ ≤ ∑
 
 

Lemma 9: Let ( )k
j pz ~ O T ,  for ii 0α ≥ 1,..., N= , and 

N

i
i 1=
α ≤ α < ∞∑ . Then 

. ( )
N

k
i i p

i 1
z ~ O T

=

α∑
 
Proof of Lemma 9: 
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From the assumptions, ( )k
i i i0 P z T

N
+ ε

∀ε > ∃δ ∈ ∋ ≥ δ ≤\ . Therefore 

( )k
i i i i i0 P z T

N
ε

∀ε > ∃δ ∈ ∋ α ≥ δ α ≤\  for i 1,..., N= . 

 

Let { }k
i i i i i iE z : z T= α ≤ α δ  for i 1,..., N= , 

N
k

i i
i 1

E J : J T
=

⎧ ⎫
= ≤ α δ⎨ ⎬
⎩ ⎭

∑ , and 

{ }k
maxJ : J TΞ = ≤ αδ  where . Since , it follows from the 

implication rule (Lukacs, E. (1975)) that 

max i
i

supδ = δ
N

i
i 1

E E
=

⊂ ⊂ Ξ∩

( ) ( )
N N N

k
i i i i i i

i 1i 1 i 1

P P E 1 P E 1 P z T 1
== =

⎛ ⎞ ⎛ ⎞
Ξ ≥ = − ≥ − α ≥ α δ ≥ −ε⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
∑∩ ∪  where iE  is the 

complement of Ei. Let maxm = δ α . Then ( )k0 m P J T m+∀ε > ∃ ∈ ∋ ≥ ≤ ε\ , i.e. 

.  # ( k
pJ ~ O T )

 

Lemma 10: Under the assumptions 
1 1
2 2

1
1 1 1S S Z
N T N

′Λ Λ = Λ +  where 
1
2

1 pF
Z ~ O T

−⎛ ⎞
⎜ ⎟
⎝ ⎠

. 

 
Proof of Lemma 10: By standard arguments under the assumptions 
 

1 1 1
2 2 2

p
1 1 1 1X X Q S S Q Q Q O T

TN TN N N
−⎛ ⎞

′ ′ ′ ′= Λ Λ = Λ + ⎜ ⎟
⎝ ⎠

 so 
1 1
2 2

1
1 1S S Z

TN N
′Λ Λ = Λ +  where 

1 2
1Z ~ Q Z Q
N

′  and ( )
1 1
2 2

2 p 2 p
1Z ~ O T tr Z ~ O T
N

− −⎛ ⎞ ⎛ ⎞
⇒⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
. 

( ) ( ) ( ) ( )
1N N

2 2
1 j 1 j 1 1 2 pF

j 1 j 1

1Z eig Z eig Z tr Z tr Z ~ O T
N

−

= =

⎛ ⎞
= ≤ = = ⎜

⎝ ⎠
∑ ∑ ⎟ .  # 

 
Proof of Theorem 1(a): Let . Then 2

pIΦ = σ − Ψ 2
pBB I′Φ + Ω = + σ . Note that  

2
jeig ( )Φ = σ − σ2

j

j

, where eigj(.) denotes the jth ordered eigenvalue of its matrix argument, 
so . Thus, Φ is positive semi-definite. It follows from Magnus and 

Neudecker (1991, p.208, Theorem 9) that 
jeig ( ) 0 j 1,.., pΦ ≥ ∀ =

2
j peig (BB I ) eig ( )′ + σ ≥ Ω , i.e. 

. It also follows from Magnus and Neudecker (1991, p.208, 
Theorem 9) that . The result follows. 

2
j jd j 1,.., p+ σ ≥ λ ∀ =

i id i 1,..., kλ ≥ ∀ =
  
Proof of Theorem 1(b): ( )( ) ( )2

1 1 1Q UL tr Q LU Q UL 2tr I LQ U1′ ′ ′⎡ ⎤− = − − = −⎣ ⎦       (A6) 
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From Lemma 8 . If k = 1 then c = 0 and the result holds from 

A6 with sign(Lii)=sign(qi΄uj). If k > 1 then using Lemma 7 . 

With 

( ) ( )
k 2 2

i j i i
j i

1 q u q
≠

′ ′− ρ− ≤∑ u

( )22 2
i i1 4c (k 1) q u′− ρ − ρ − ≤

1 1c
2 k

−ρ
≤

ρ −1
 the left hand side is non-negative and 2 2

i i1 4c (k 1) q u′− ρ − ρ − ≤ .                                 

(A7) 
 
If we choose L so that ii i jsign(L ) sign(q u )′=  then from A6 and A7 we get 

2 2 2Q UL k k (1 ) 4c (k 1)− ≤ − −ρ − ρ − . Multiplying this by 
2 2

2 2

1 (1 ) 4c (k 1)

1 (1 ) 4c (k 1)

+ −ρ − ρ −

+ −ρ − ρ −
 

yields the result.  # 
 
Proof of Theorem 1(c): 

1 1 1 1 1
2 2 2 2 2 2

t t 1 1 1 1 1 1 1 1

1 1
2 2

1 1

E s Lf tr Q UD L D U Q L Q Q

2tr I L Q UD

− − −

−

⎡ ⎤⎛ ⎞⎛ ⎞
′ ′ ′− = Λ − Λ − + Λ Ψ Λ⎢ ⎥⎜ ⎟⎜ ⎟

⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦
⎛ ⎞

′= − Λ⎜ ⎟
⎝ ⎠

1
2

−

 

As in the proof to Theorem 2, ( )22 2
i i1 4c (k 1) q u′− ρ − ρ − ≤ . From Theorem 1  

i

i

d
1− ρ ≤

λ
, so ( ) ( )2 22 2 i

i i
i

d
1 4c (k 1) q u′− ρ − ρ − ≤

λ
. If 1c

2 (k 1)(1 )
−ρ

≤
ρ − −ρ

( )

 then the left 

hand side is non-negative and 2 2 2 i
i i

i

d
1 4c (k 1) q u′− ρ − ρ − ≤

λ
 

If we choose S so that ii i jsign(L ) sign(q u )′= , we get 
2 2 2 2

t tE s Lf k k (1 ) 4c (k 1)(1 )− ≤ − −ρ − ρ − −ρ . Multiplying this by 
2 2 2

2 2 2

1 (1 ) 4c (k 1)(1 )

1 (1 ) 4c (k 1)(1 )

+ −ρ − ρ − −ρ

+ −ρ − ρ − −ρ
 yields the result.  # 

 

Proof of Theorem 1(d): Defining 
T

xy t t
t 1

1S
T =

= ∑ x y , the forecast deviation is  

 
1 1

12 2
T h T h T h 1 1 xy 1 1 T h T h xy 1 1 1 T h T h T he s f Q S Q x f S Q Q (Bf n ) f

− − −
+ + + + + + +

′⎛ ⎞
′ ′ ′ ′ ′ ′ ′= β −β = Λ Λ −β = Λ + −β⎜ ⎟

⎝ ⎠
�

+

b

 
ae e= +  where 
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( )1
a xy 1 1 1 Te S Q Q B f−

+′ ′ ′= Λ −β h  and 1
b xy 1 1 1 T he S Q Q n−

+′ ′= Λ . 
 
First consider eb. From the Cauchy-Schwarz inequality we have 1

b xy 1 1 1 T he S Q Q n−
+′ ′≤ Λ  

and ( ) 22 21
b xy 1 1 1 TE e E S Q E Q n−

+′ ′≤ Λ h                        (A8) 
 
We have that 2 2

1 T h 1 1E Q n tr(Q Q ) k+′ ′= Ψ ≤ σ .                                                (A9) 
Also 

( ) (
k 221 2 1

xy 1 1 xy 1 1 1 xy i 1 1 xy
i 1

E S Q E S Q Q S E e Q S− − −

=
)⎡ ⎤′ ′ ′ ′Λ = Λ = Λ ′⎢ ⎥⎣ ⎦∑  from Lemma 3 

( ) ( ) ( ) (
k k2 21 1 1 1

i 1 1 xy i 1 1 xy i 1 1 xy i 1 1
i 1 i 1

var e Q S E e Q S var e Q S e Q B− − − −

= =

⎡ ⎤ ⎡′ ′ ′ ′ ′ ′ ′ ′= Λ + Λ = Λ + Λ⎢ ⎥ ⎢⎣ ⎦ ⎣∑ ∑ ) ⎤β ⎥⎦
 (A10) 

 

Now ( )
1 1k 21 2 22 2

i 1 1 1 1 1 1 1 1
i 1

e Q B BQ Q B D U Q Q UD− − −

=

′ ′ ′ ′ ′ ′ ′Λ β = β Λ β = β Λ β∑  

 

(
1 1

2 12 2
1 max 1D R R D R DR− −′ ′ ′= β Λ β ≤ β βλ Λ Λ )1

1
−  by Lemma 6 

   ( )1
max 1 1 1

− −′≤ β βλ Λ Λ Λ 1

ϒ

 by Lemma 4 

                                                                      (A11) 1
k
−′≤ β βλ

 
Also, from Lemma 2 
 

( )
k

1
i 1 1 xy 1 2 3

i 1
var e Q S−

=

′ ′Λ ≤ ϒ + ϒ +∑  where 

 
k

1 1
1 i 1 1 1 1 i

i 1

2 e Q Q e
T

− −

=

′ ′ϒ = Λ Ω Λ σ∑ (0)2
y  

 
k T 1

1 1
2 i 1 1 t t j 1 1

i 1 j 1

2 e Q E(x x )Q e
T

−
− −

−
= =

′ ′ ′ϒ = Λ Λ σ∑∑ ( j)2
i y  

 
k T 1

1 1
3 i 1 1 t t j t t j 1

i 1 j 1

2 e Q E(x y )E(y x )Q e
T

−
− −

− −
= =

′ ′ ′ϒ = Λ Λ∑∑ 1 i

t j

 

 
where . We have that ( j)2

y tE(y y )−σ =
 

( )(0)2 1 1 (0)2 1
1 y 1 1 1 y

2 2tr
T T

− −ϒ = σ Λ Λ Λ ≤ σ λk
−  
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1 1k T 1
( j)22 2

2 i 1 t t j 1
i 1 j 1

2 e E(s s ) e
T

− − −

−
= =

′ ′ϒ = Λ Λ σ∑∑ i y  where 
1
2

t 1 1s Q
−

tx′= Λ  is the principal component 

vector of xt. So 
 

k T 1 k T 1 T 1
t t j ( j)2 ( j)2 1 ( j)2

2 y t t j y
i 1 j 1 i 1 j 1 j 1i i

E(s s )2 2 1 2E(s s )
T T T

− −
− −

−
= = = = =

′
′ϒ = σ ≤ σ ≤ λ σ

λ λ∑∑ ∑∑ ∑k y

−

  

 
 
 by Cauchy-Schwarz, and 
 

(0)2k T 1 k T 1 k T 1
y

3 it t j t i,t j it t j t i,t j t i,t j
i 1 j 1 i 1 j 1 i 1 j 1i i

22 1 2 1 1E(s y )E(y s ) E(s y ) E(y s ) E(y s )
T T T

− −

− − − −
= = = = = =

σ
′ ′ϒ = ≤ ≤

λ λ∑∑ ∑∑ ∑∑
i

−

−′λ
 

      
(0)2 T 1
y 1

k t
i j 1

2
sup E(y s )

T

−
−

−
=

σ
′≤ λ ∑ i,t j

 

 

so ( )
k T 1 T 1

1 ( j)2 (0)
i 1 1 xy y y t i,t j y

ii 1 j 0 j 1k k

2 2var e Q S sup E(y s )
T T

− −
−

−
= = =

⎛ ⎞
′ ′ ′Λ ≤ σ +σ = σ⎜ ⎟λ λ⎝ ⎠

∑ ∑ ∑ (0)2γ         (A12) 

 

where 
T 1 T 1

t t j t i,t j
2 2 2ij 1 j 1t t it

E(y y ) E(y s )
sup

E(y ) E(y )E(s )

− −
− −

= =

γ = +∑ ∑  

 
 
Equations A10, A11, and A12 yield 
 

(0)2
2 y1 1

xy 1 1 k

2
E S Q

T
− −

⎛ ⎞σ γ
′ ′Λ ≤ λ +β β⎜ ⎟⎜ ⎟

⎝ ⎠
 

 
which when combined with A8 and A9 yield 
 

( )2 (0)22
b y
2 2

k

E e k 2 1
T

⎛ ⎞σ γσ
⎜ ⎟≤ +
⎜ ⎟λβ β⎝ ⎠

. 

 
We now consider ea. By the Cauchy-Schwarz inequality we have 
 

( ) 2 22 21 1
a xy 1 1 1 h xy 1 1 1E e E S Q Q B E f kE S Q Q B− −′ ′ ′≤ Λ −β = Λ −β′           (A13) 
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Now (
k 221

xy 1 1 1 i 1 1 1 xy
i 1

E S Q Q B E e B Q Q S−

=
)1−⎡ ⎤′ ′ ′ ′ ′Λ −β = Λ −β⎢ ⎥⎣ ⎦∑  from Lemma 3 

 

( ) ( )
k k 21 1

i 1 1 1 xy i 1 1 1 xy
i 1 i 1

var e B Q Q S E e B Q Q S− −

= =

⎡ ⎤ ⎡ ⎤′ ′ ′ ′ ′ ′= Λ −β + Λ −β⎣ ⎦ ⎣ ⎦∑ ∑      (A14) 

 
but from Lemma 2 
 

( )
k

1
i 1 1 1 xy 1 2

i 1
var e B Q Q S−

=

⎡ ⎤′ ′ ′= Λ −β ≤ ∆ + ∆ + ∆⎣ ⎦∑ 3   where 

 
k

1 1
1 i 1 1 1 1 1 1 i

i 1

2 e B Q Q Q Q Be
T

− −

=

′ ′ ′ ′∆ = Λ Ω Λ σ∑ (0)2
y  

 
k T 1

1 1
2 i 1 1 1 t t j 1 1 1 i y

i 1 j 1

2 e B Q Q E(x x )Q Q Be
T

−
− −

−
= =

′ ′ ′ ′∆ = Λ Λ σ∑∑ ( j)2  

 
k T 1

1 1
3 i 1 1 1 t t j i 1 1 1

i 1 j 1

2 e B Q Q E(x y )e B Q Q E(x y )
T

−
− −

− −
= =

′ ′ ′ ′ ′ ′∆ = Λ Λ∑∑ t t j  

 
We have that 
 

( ) ( )
(0)2 (0)2 (0)2
y y1 1

1 1 1 1

2 2
tr B Q Q B tr B B

T T
− −σ σ

′ ′ ′∆ = Λ ≤ Ω ≤ y2k
T
σ

 

 
1 1k T 1

( j)22 2
2 i 1 1 t t j 1 1

i 1 j 1

2 e B Q E(s s ) Q Be
T

− − −

−
= =

′ ′ ′∆ = Λ Λ σ∑∑ i y  

 

let ( )
1
2

i i 1 1 iv e B Q 0 ... 0 0 ... 0
−

′ ′= Λ = ν  then 
 

k T 1 k T 1 k T 1
( j)2 2 ( j)2 2 ( j)2

2 i t t j i y i t t j i y i
i 1 j 1 i 1 j 1 i 1 j 1

k T 1 k T 1 T 1
1 ( j)2 1 ( j)2 ( j)2

i 1 1 1 i y y y
i 1 j 1 i 1 j 1 j 1

2 2 2v E(s s )v E(s s )
T T T

2 2 2ke BQ Q Be tr(B B)
T T T

− −

− −
= = = = = =

− −
− −

= = = = =

′∆ = σ = ν σ ≤ ν σ

′ ′ ′≤ Λ σ ≤ Ω σ ≤ σ

∑∑ ∑∑ ∑∑

∑ ∑ ∑ ∑ ∑

y

−

−
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1 1k T 1 k T 1
12 2

3 i 1 1 t t j t t j 1 1 i i 1 1 1 i t t j t t j
i 1 j 1 i 1 j 1

T 1
1 (0)

y t t j
i j 1

2 2e B Q E(s y )E(y s ) Q Be e B Q Q Be E(s y )E(y s )
T T

2 tr(B B) sup E(y s )
T

− −− − −
− − − −

= = = =

−
−

−
=

′ ′ ′ ′ ′ ′ ′ ′∆ = Λ Λ = Λ

′ ′≤ Ω σ

∑∑ ∑ ∑

∑
 
So 

( )
k T 1 T 1

1 ( j)2 (0)
i 1 1 1 xy y y t t j y

ii 1 j 1 j 1

2k 2kvar e B Q Q S sup E(y s )
T T

− −
−

−
= = =

⎡ ⎤′ ′ ′ ′Λ −β ≤ σ +σ = σ⎣ ⎦∑ ∑ ∑ (0)γ    (A15) 

 

Also ( )
k

1
i 1 1 1 xy i

i 1
E e B Q Q S e (M I)−

=

⎡ ⎤′ ′ ′ ′Λ −β = − β⎣ ⎦∑  where 
1 1

12 2
1M D R R D− ′= Λ  

So . ( )
k 21 2

i 1 1 1 xy
i 1

E e B Q Q S (M I)−

=

⎡ ⎤′ ′ ′ ′Λ −β = β −⎣ ⎦∑ β

 
But  so 2 1 1

1 1 1 1 1 1M B Q Q Q Q B M− −′ ′ ′≤ Λ Ω Λ = 2
k(M I) (I M) M I− ≤ − ⇒ ≤  

 

Therefore  ( ) [ ]
k 2 21 2

i 1 1 1 xy max
i 1

E e B Q Q S (M I) (I M)−

=

⎡ ⎤′ ′ ′ ′ ′Λ −β ≤ β − β ≤ β β λ −⎣ ⎦∑

  
21 1

2
max 1 1 1 1Q Q

− −⎡ ⎤⎛ ⎞
′ ′= β β λ Λ Ψ Λ⎢ ⎥⎜
⎢ ⎥⎝ ⎠⎣ ⎦

2 ⎟  from Lemma 5 

   
22

k

⎛ ⎞σ′≤ β β⎜ ⎟λ⎝ ⎠
                                                    (A16) 

 
Combining (A13)-(A16) yields 
 

( )2 2 (0)22
a y
2 2

k

E e 2kk
T

⎛ ⎞σ γ⎛ ⎞σ⎜ ⎟≤ +⎜ ⎟⎜ ⎟λβ β⎝ ⎠⎝ ⎠
 

 

Noting that 
2

k

σ
ρ =

λ
 and 

2
y

2

1
r

σ
=

β 2

L

, combining the above results yields the result of the 

theorem.  # 
 
Proof of Theorem 2 
 
From Magnus and Neudecker (1991, p.208, Theorem 9) k kd Ndλ ≥ ≥  so 

( )
2 2 2

1

k k U

~ O N
d Nd

τ−σ σ σ
ρ = ≤ ≤

λ
. 
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Proof of Theorem 3(a) 
 
Let { }j j jr : r r 1 if j i, 0 otherwise′Ψ = = = . Then  
 

j j j j j j

1 1 1 1
2 2 2 2

j j j j j j
r r r

1 1 1 1ˆ sup r XX r sup r Q S S Q r sup r S S r
N TN TN TN∈Ψ ∈Ψ ∈Ψ

′ ′ ′ ′ ′ ′ ′λ = = Λ Λ = Λ Λ j  

j j j j

1
2

j j j 1 j j p
r r

1 1sup r r sup r Z r O T
N N

−

∈Ψ ∈Ψ

⎛ ⎞
′ ′≤ Λ + = λ + ⎜

⎝ ⎠
⎟  from Lemma 10. 

Also j j j j j j
1 1 1 1ˆ ˆ ˆ ˆ ˆˆ Q X XQ Q Q Q Z Q
N TN N N

′ ′ ′ ′Λ = = Ω + 3 j
ˆ  where 

1
2

3 pZ ~ O T
−⎛ ⎞

⎜
⎝ ⎠

⎟ , so 

( ) ( ) ( ) ( )
1
2

j j j j 3 j j p
1 1 1 1ˆ ˆ ˆ ˆˆtr tr Q Q tr Q Z Q tr O T
N N N N

−⎛ ⎞
′ ′Λ = Ω + ≤ Λ + ⎜

⎝ ⎠
⎟ , i.e 

1N N
2

j j p
j i j i

1 1ˆ O T
N N

−

≠ ≠

⎛ ⎞
λ ≤ λ + ⎜

⎝ ⎠
∑ ∑ ⎟  for i=1,..,N                                  (A17) 

and we have already shown that 
1
2

j j p
1 1ˆ O T
N N

−⎛ ⎞
λ ≤ λ + ⎜

⎝ ⎠
⎟ .           (A18) 

But we also have that ( ) ( ) ( )3
1 1 1ˆ ˆ ˆ ˆˆtr tr Q Q tr Q Z Q
N N N

′ ′Λ = Ω +  so 

1N N
2

j j p
j i j i

1 1ˆ O T
N N

−

= =

⎛ ⎞
λ ≤ λ + ⎜

⎝ ⎠
∑ ∑ ⎟  for i=1,..,N. Thus, strict equality must hold for equations 

A17 and A18, proving the theorem.  # 
 
 
Lemma 11 
 

Under assumptions 1 to 3, 
1
2

2 p
ˆR Q Q L O T

−⎛ ⎞
′= = + ⎜

⎝ ⎠
⎟  where L is a N×N sign matrix. 

 
Proof of Lemma 11 
 
1 ˆ ˆ ˆX XQ Q
T

′ = Λ  so 
1 1
2 2

2 2
1 ˆS S R R
T

′Λ Λ = Λ  where 2
ˆR Q Q′=  and 

( )2 1 2 2 2
1 1 1 ˆR Z R R R
N N N
Λ + = Λ + Λ −Λ  from Lemma 10 so 

1
2

2 1 2 2 p
1 1R Z R R O T
N N

−⎛ ⎞
Λ + = Λ + ⎜

⎝ ⎠
⎟  from Lemma 10 and Theorem 3(a). We write this as 

 where rj is the jth column of R. The solution set for rj is ( )1
j j j pr r O T for j 1,..., N−Λ = λ + =
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( ) ( )( ) ( )1
j N j N j N j pr I I I z O T , j 1,..., N

+ −= − λ −Λ λ −Λ + =  where zj is an arbitrary N×1 

vector and + denotes the Moore-Penrose generalised inverse. This implies that 
( 1

2 pR R O T−= + )  where R  is a diagonal matrix. 
 

We also have 
1 1
2 21 1 1ˆ ˆ ˆ ˆ′ˆ Q X XQ Q Q S S Q Q

N TN TN
′ ′ ′ ′Λ = = Λ Λ 2 2 2 1

1R R R Z
N

′ ′= Λ + 2R  from 

Lemma 10, so 
1
2

2 2 p
1 1R R O T
N N

−⎛ ⎞
′Λ = Λ + ⎜

⎝ ⎠
⎟ . We can write 2R R M= +  where 

( )1
pM ~ O T−  so 

1
2

p
1 1 1 1 1R R R M M R M M O T
N N N N N

−⎛ ⎞
′ ′ ′ ′Λ = Λ + Λ + Λ + Λ + ⎜ ⎟

⎝ ⎠

1
2

p
1R R O T
N

−⎛ ⎞
′= Λ + ⎜ ⎟

⎝ ⎠
 

since ( 1
p

1M M ~ O T
N

−′ Λ )  and 
1
2

p
1R M ~ O T
N

−⎛ ⎞
′ Λ ⎜

⎝ ⎠
⎟ . We therefore have 

1
2 2

j j j p
1 1r O T
N N

−⎛ ⎞
λ = λ + ⎜

⎝ ⎠
⎟ . It follows that 

1
2

2 p
ˆR Q Q L O T

−⎛ ⎞
′= = + ⎜

⎝ ⎠
⎟  where L is a N×N 

sign matrix.  # 
 
 

Lemma 12: Under assumptions 1 to 3 
1 1
2 2

jt j j j j p
ˆˆs Q q ~ O T
− ⎛ ⎞

′ ′Λ λ ⎜
⎝ ⎠

���
1
2

−

⎟  for j=1,..,k. 

 

Proof of Lemma 12: j j
1 ˆˆ ˆX Xq q
T

′ = λ j  so 
1 3 1
2 2 2

jt j j j j jt j j j j
1 ˆ ˆˆ ˆs Q X Xq s Q q
T

1
2

− −
′ ′ ′ ′ ′Λ λ = Λ λ� �� �� �  but 

1 1 1 1 1
2 2 2 2 2

j j j j j j j j j j j j j j j j j j j j j
1 1 1 1 1X X q s s q q s S Q Q S s q Q S S Q
T T T T T

′ ′ ′ ′ ′ ′ ′ ′= λ + λ Λ + Λ λ + Λ Λ� � � � � � � �� � � �
1
2 ′  so 

1 1 1 1
2 2 2 2

j j j j j j j j j
1 1 1Q X X S s q S S Q
T T T

′ ′ ′ ′= Λ λ +Λ Λ� � �� �
j j′� ��  and 

1 1 1 3 1
2 2 2 2 2

jt j j j j jt j j j j j j j jt j j j j j j
1 1ˆ ˆˆ ˆs Q q s S s q q s S S Q q
T T

− −
′ ′ ′ ′ ′ ′ ′ ′Λ λ = Λ λ λ + Λ Λ λ� � � �� � � �� � �

3
2ˆˆ

−� . We have 

1 3
2 2

jt j j j j j j 1 2
1 ˆˆs S S Q q
T

−
′ ′ ′Λ Λ λ = α +� � �� �� α  where 

3 3
2 2

1 jt j j j
ˆˆs Q q
−

′ ′α = Λ λ���  and 
1 3
2 2

2 jt j 1 j j j
ˆˆs Z Q q
−

′ ′α = Λ Λ λ�� ��  

from Lemma 10. Now 
21 1 3 322 22 1 2 2 2 2

2 jt j 1 j j22 2
2

ˆˆN s Z N Q q N j

− −− ′ ′α ≤ Λ Λ λ�� ��  and we have 

( ) ( ) ( )
N2 21 2 2 1

jt j jt j jt i jt j p2 22 2
i j

1 1E N s E s s ~ O 1 N s ~ O 1
N N

− −

≠

′ ′ ′Λ = Λ = λ ⇒ Λ∑� � �� � � � . Also 
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( )
21 1

2 2
j j

2

1N max eig ~ O 1
N

− ⎛ ⎞Λ = Λ⎜ ⎟
⎝ ⎠

� � , 
2

j j j2
ˆ ˆ ˆQ q q Q Q q 1′ ′ ′= ≤� � � , ( )

3 3
2 2

j p
ˆN ~ O
−

λ 1  and 

(2 1
1 p2

Z ~ O T− )  from Lemma 10. It follows that 
1
2

2 p~ O T
−⎛ ⎞

α ⎜ ⎟
⎝ ⎠

. 

 

From Lemma 11 
1
2

j pˆQ q ~ O T
−⎛ ⎞

′ ⎜
⎝ ⎠

� ⎟  so, since ( )jt ps ~ O 1� , ( )
1
2

jt j pˆdiag s Q q ~ O T
−⎛ ⎞

′ ⎜ ⎟
⎝ ⎠

��  

where diag(v) is a diagonal matrix constructed from the vector v. Also ( )
3 3
2 2

j p
ˆN ~ O
−

λ 1  

and 

1
3N N2

1 i2
i3 1

j 1 j 12 2

1
NN N= =

λ λ
λ ≤ < ∞∑ ∑  so from Lemma 11 

( )
3 3 3
2 2 2

1 j jt j j3
2

1 ˆˆDIAG diag s Q q N ~ O T
N

−
⎛ ⎞ ⎛ ⎞⎜ ⎟ ′α = Λ λ ⎜⎜ ⎟ ⎝ ⎠⎝ ⎠

�� �
1
2

p

−

⎟  where DIAG(M) is the vector 

formed from the diagonal elements of the square matrix M. Combining results yields 
1 3
2 2

jt j j j j j j p
1 ˆˆs S S Q q ~ O T
T

− −⎛ ⎞
′ ′ ′Λ Λ λ ⎜ ⎟

⎝ ⎠
� � �� ��

1
2 . 

 

Also 

2
2 21 3 1 1 1

2 3 32 2 2 2 2
jt j j j j j j j jt j j j j j j j j1 2

22 2
2

1 1 1 1ˆ ˆˆ ˆs S s q q s S s q q
T N TN

− −′ ′ ′ ′ ′ ′Λ λ λ ≤ Λ Λ λ λ� �� � �� � N . We have 

( ) ( ) ( )
2 21 1 1 1N

2 2 2 2
jt j jt j jt i jt j p

i j2 2

1 1E N s E s s ~ O 1 N s ~ O 1
N N

− −

≠

′ ′ ′Λ = Λ = λ ⇒ Λ∑� � �� � � � , 
2

j j 2
ˆq q 1′ ≤  and 

. ( )3 3
j p

ˆ N ~ O 1−λ j j
1 s S
T

′�  is the jth row of 1 S S
T

′  with the jth column excluded. Therefore 
1
2

j j j
1 s S
T

′λ � �
jΛ  is the jth row of Z1 with the jth column excluded. Thus 

[ ] ( ) (
21 1 1 1

2 2 2 2
j j j j j j j j j j j 1 1 1 1 pjj

2

1 1 1 1S s s S S s Z Z tr Z Z ~ O 1
N T TN TN

′ ′ ′ ′ ′Λ λ = λ Λ λ ≤ ≤� � �� � )  from Lemma 

10. Therefore 
1 3
2 2

jt j j j j j j j p
1 ˆˆs S s q q ~ O T
T

− ⎛ ⎞
′ ′ ′Λ λ λ ⎜

⎝ ⎠
���

1
2

−

⎟  and the Lemma is proved.  # 
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Proof of Theorem 3(b) 
 

1 1 1 1
2 2 2 2

jt j j t j j j j jt j j j j jt
ˆ ˆ ˆˆ ˆ ˆ ˆs q x q q s q Q
− − − −

′ ′ ′= λ = λ λ + λ Λ� � �
1
2s . The second term is 

1
2

pO T
−⎛ ⎞

⎜
⎝ ⎠

⎟  by Lemma 12. 

For j=1,..,k 
1 1 1 1
2 2 2 2

j j
ˆN N
− −

λ = λ + jz  where 
1
2

j pz ~ O T
−⎛ ⎞

⎜ ⎟
⎝ ⎠

 so 

1 1
1 1 2 2

j j2 2
j j j j jt jj jt jj jt j jj jt j jj jt1 1

2 2

ˆ q̂ q s L s m s z L s z m s
N N

− − λ λ
′λ λ = + + +  where 

1
2

jj j j jj pˆm q q L ~ O T
−⎛ ⎞

′= − ⎜
⎝ ⎠

⎟  from Lemma 11; so 
1
2

jt jt pŝ Ls O T
−⎛ ⎞

= + ⎜
⎝ ⎠

⎟ .  # 

 

Lemma 13: i

i

d1−ρ ≤ ≤
λ

� 1 for i=1,..,k. 

 
Proof of Lemma 13: As shown in the proof of Theorem 1(a) i id i 1,..., kλ ≥ ∀ = . 

Therefore 
2 2

k k

1 1
d
σ σ

ρ = ≥ = ρ⇒ −ρ ≤ −ρ
λ

� � . The result then follows from Theorem 1(a).  # 

 
Lemma 14: i jq u 2c′ ≤ ρ� �  for i  where qi is the ith column of  and uj is the jth column 

of U, and 

j≠ 1Q

j

i, j:i j
i j

d
c max

d d≠
=

−
� . 

 
Proof of Lemma 14:  . Premultiplying by , 
postmultiplying by , and subtracting 

1 1 1 2 2 2Q Q Q Q UDU′ ′ ′Λ + Λ = +Ψ 1
1D Q− ′

UD 1Q U′  yields 
 

( )1 1
1 1 1 k 1 1D Q UD Q U D I Q U D Q U− −′ ′ ′ ′− = Λ − − Ψ1−                                               (A19) 

 
We now consider each of the right hand side terms. Let ei be a vector of zeros with a 1 in 
the ith element only. We have 
 

( ) ( )2
1 1 1 1

i 1 j i i 1 i 1 12
k

4
2

i 1 1 i2 2
k k

1e D Q Ue tr U D e e D Q U e D Q UU Q D e
d

1 e Q Q e
d d

− − − −′ ′ ′′ ′ ′ ′ ′Ψ ≤ Ψ Ψ ≤ Ψ Ψ

σ′ ′≤ Ψ ≤

1
i

−

 

 
1

i 1 je D Q Ue−′ ′∴ Ψ ≤ �ρ                                                                                     (A20) 
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For the other right hand side term we have 

j1
i 1 k 1 j i j i j

j j

e (D I )Q Ue 1 q u q u 1
d d

−
⎛ ⎞λ λ

′ ′ ′ ′Λ − = − = −⎜ ⎟⎜ ⎟
⎝ ⎠

j . From the proof to Theorem 1(a) we 

have  for j=1,..,k. Dividing by dj yields 2
j jdλ ≤ + σ

2 2
j

j j k

1
d d d
λ σ σ

≤ + ≤ ≤ �ρ  and i jq u 1′ ≤  by 

the Cauchy-Schwarz inequality, so 
 

1
i 1 k 1 je (D I )Q Ue−′ ′Λ − ≤ ρ�                                                                                 (A21) 

 
Combining equations A19, A20, and A21, 
 

( ) ( )
( )

1 1 1
i 1 1 j i 1 k 1 j i 1 j

1 1
i 1 k 1 j i 1 j

e D Q UD Q U e e D I Q Ue e D Q Ue

e D I Q Ue e D Q Ue 2

− − −

− −

′ ′ ′ ′ ′ ′ ′− = Λ − − Ψ

′ ′ ′ ′≤ Λ − + Ψ ≤ �ρ
 

 

i.e. i
i j i j

j

d 1 q u 2 q u 2c
d

⎛ ⎞
′ ′− ≤ ρ ⇒ ≤⎜ ⎟⎜ ⎟

⎝ ⎠
� �ρ i j�  for ≠ .  # 

 

Lemma 15:  ( )
k 2

i j
j 1

1 q
=

′−ρ ≤∑� u

 
Proof of Lemma 15: As shown in the proof to Lemma 13 1 1−ρ ≤ −ρ�  so the result 
follows from Lemma 8.  # 
 

Lemma 16:  If k = 1 or 1c
2 (k 1)(1 )

−ρ
≤

ρ − −ρ

��
� �

, then there exists a sign matrix L such that 

( )( )2 2 2
t tE s Lf k 2 4c (k 1)(1 ) 1− ≤ ρ+ρ − −ρ −� � � �  

 
Proof of Lemma 16:  
 

1 1 1 1 1
2 2 2 2 2 2

t t 1 1 1 1 1 1 1 1

1 1
2 2

1 1

E s Sf tr Q UD L D U Q L Q Q

2tr I L Q UD

− − −

−

⎡ ⎤⎛ ⎞⎛ ⎞
′ ′ ′− = Λ − Λ − +Λ Ψ Λ⎢ ⎥⎜ ⎟⎜ ⎟

⎢ ⎥⎝ ⎠⎝ ⎠⎣ ⎦
⎛ ⎞

′= − Λ⎜ ⎟
⎝ ⎠

1
2

−
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From Lemma 15 . If k = 1 then c  = 0 and the result holds  with 

sign(Ljj)=sign(q΄u). If k > 1 then using Lemma 14 . From 
Theorem 13  

( ) ( )
k 2 2

i j i i
j i

1 q u q
≠

′ ′− ρ − ≤∑� u �

( )22 2
i i1 4c (k 1) q u′− ρ − ρ − ≤� � �

i

i

d1−ρ ≤
λ

� , so ( ) ( )2 22 2 i
i i

i

d1 4c (k 1) q u′− ρ − ρ − ≤
λ

� � � . If 1c
2 (k 1)(1 )

−ρ
≤

ρ − −ρ

��
� �

 then the left 

hand side is non-negative and ( )2 2 2 i
i i

i

d1 4c (k 1) q u′−ρ − ρ − ≤
λ

� � �  

If we choose L so that ii i jsign(L ) sign(q u )′= , we get 
2 2 2 2

t tE s Lf k k (1 ) 4c (k 1)(1 )− ≤ − −ρ − ρ − −� � � ρ� . Multiplying this by 
2 2 2

2 2 2

1 (1 ) 4c (k 1)(1 )

1 (1 ) 4c (k 1)(1 )

+ −ρ − ρ − −ρ

+ −ρ − ρ − −ρ

� � � �
� � � �

 yields the result.  # 

 

Proof of Theorem 4: Under assumptions 2,4,5 and 6 
1
2

p
1 X X O T
T

−⎛ ⎞
′ = Ω+ ⎜

⎝ ⎠
⎟ . From 

assumptions 1 and 2 and using the proof of Theorem 1(a) we have 

( )
N k

j j
j 1 j 1

1 1 1d tr
N N N= =

λ ≤ + Ψ < ∞∑ ∑ . Under these conditions Lemma 10, Lemma 11, 

Theorem 3(a) and Theorem 3(b) hold. From Lemma 13 and assumption 1 we have 

( )i id O
N N
λ

= + ρ�  for i=1,..,k. Combining this with the results of Theorem 3(a) and 

Theorem 2 gives ( )
1

1i i 2
p

ˆ d O N O T
N N

−τ− ⎛ ⎞λ
= + + ⎜

⎝ ⎠
⎟  proving Theorem 4(a).  

 
Combining the result of Theorem 3(b) with Lemma 16 and Theorem 2 yields 

1 1
2

jt jj jt p pŝ L f O N O T
τ−

−⎛ ⎞ ⎛
= + +⎜ ⎟ ⎜

⎝ ⎠ ⎝
2
⎞
⎟
⎠

 proving Theorem 4(c).  

 

From Theorem 4(c) 1 3
1 1 1ˆX S X FL X Z
T T T

′ ′= + ′  where 
1

12
3 pZ ~ O max T , N

− τ−⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

. Under 

assumptions 4, 5 and 6 
1
2

p
1 X FL B O T
T

−⎛ ⎞
′ = + ⎜

⎝ ⎠
⎟  and 

1
12

3 p
1 X Z ~ O max T , N
T

− τ−⎡ ⎤⎛ ⎞
′ ⎢ ⎥⎜ ⎟

⎢ ⎥⎝ ⎠⎣ ⎦
 

proving Theorem 4(b). 
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Also S 1
1 1 1ˆ Ŝ y LF y Z y
T T T

′ ′β = = + 3  where 
1

12
3 pZ ~ O max T , N

− τ−⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

. Under assumptions 

4, 5 and 6 
1
2

p
1 F y O T
T

−⎛ ⎞
′ = β+ ⎜

⎝ ⎠
⎟  and 

1
12

3 p
1 Z y ~ O max T , N
T

− τ−⎡ ⎤⎛ ⎞
⎢ ⎥⎜ ⎟
⎢ ⎥⎝ ⎠⎣ ⎦

 proving Theorem 

4(d). 
 
From Theorems 4(c) and (d)  where  
and . Under assumptions 4, 5, 6 and 7 and using Theorems 4(c) and (d), 
Theorem 4(e) is proved.  # 

S T h T h 2 1 T h 1 2
ˆ ŝ f Lz z Lf z+ + +′ ′ ′ ′β = β +β + + z′

h+

1 S
ˆz L= β − β

2 T h Tˆz s Lf+= −
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